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1 Definition and intuition

In a Nash equilibrium each player’s equilibrium strategy is a best response to
the other player’s equilibrium strategies. In a Trembling Hand Perfect (THP)
equilibrium, there must also be arbitrarilly small perturbations of all players’
strategies such that every pure strategy gets strictly positive probability and
each player’s equilibrium strategy is still a best response to the other players’
perturbed strategies. The definition of a THP equilibrium is the following.

Definition 1 Strategy profile o is a trembling hand perfect (THP) equilibrium
if there exists a sequence of totally mized strategy profiles o™ — o such that, for
all i, ui(o;,0™;) > ui(si,0™;) for all s; € S;.

1.1 Intuition

In a THP equilibrium, the optimality of a player’'s strategy choice does not
depend on an assumption that some pure strategies are getting zero probability
in an equilibrium. Thus, THP helps to get rid of strange equilibria, such as
(T,L) in the example below, in which a player is playing a weakly dominated
strategy.



1.2 Example

Take the following normal form (constructed from FT Figure 8.10)

L | R
T 22 2.2
B 1,031

There are two pure Nash equilibria: (T,L) and (B,R) and a continuum of
semi-mixed equilibria in which player 1 plays T and player 2 randomizes with
g9 (L) Z %

1.3 A trembling hand perfect equilibrium

Take the equilibrium where (B,R) is played. Write the candidate for THP as o =
(0,1,0,1). To prove that it is THP construct ™ = (o} (T) 0% (B) 0% (L), 0% (R)) =
(%, 1-— %, 2%, 1-— 2%) ,n=1,2, ... Clearly o™ is totally mixed and o™ — 0.

First check if it is optimal for player 1 to play pure strategy B against this
tremble:

u (0,1, 5,1 —5) =5 4+3(1-%) =3—2 and u; (1,0,5,1 — 5-) =
25 +2(1—-5) =2

3—%22aslongasn21.

Next check if it is optimal for player 2 to play pure strategy R against the
tremble:

uQ(lzin,l—%,o,l) =25-+1(1-5) =145 and uz (5,
91 — 1

2n n
1+ ﬁ > % which also holds for n > 1.
Thus, we have that (B,R) is THP.

1—-5.,1,0) =

T ono

1.4 Example of a Nash Equilibrium that is not a trembling

hand perfect equilibrium

Consider the same game and the Nash equilibrium (T,L). We want to show
that it is not a trembling hand perfect equilibrium. Take any totally mixed
o" = (o7 (T),07 (B),05 (L), 05 (R)) — (1,0,1,0).

It is easy to check that as long as o (B) > 0 it is not optimal for player 2 to
play L. Compute us (o} (T), 07 (B),1,0) = 207 (T) and us (67 (T) , 07 (B),0,1) =
2071 (T)+o% (B). We have that ug (o7 (T'), 07 (B),0,1) > ug (6 (T'), 07 (B),1,0)
as long as o (B) > 0. Hence, (T,L) is not THP.

By the same argument it can be shown that all the equilibria in which player
2 mixes are not THP.



2 Comparison with subgame perfection/sequential
equilibrium

2.1 Example of a THP that is not subgame perfect
Consider the following extensive form (Figure 8.11 in FT).

(3,1) (0,-1/10)

I, | Ry
R, 2,2 |22
L.L: | 31 |10

LR, | 0—% | 1,0

The only subgame perfect equilibrium is (L1, Lo, L1) ((L1 L1, L2) in the nor-
mal form). However, (R1, Rz, R1) ((R1, Rz2) in the normal form) is THP. Con-
sider the tremble ¢ = (0¥ (R1),07 (L1L1),0% (L1R1),0% (L2),0% (R2)) =
(1- s~ b o L- 2 n = 1.2,

R, is a best response for player 1 since the tremble assignes a probability of

at least % to Rs.

The relevant calculation for player 2 is'

uz (L2) =2 (1= 5 — 7)) + 555 — mm

(1) =2 (1 - o — o)

uz (Ra) > ug (Le) iff &5 < ﬁ iff % < 1, which is true regardless of n.
Therefore, Ry is a best response to the tremble.

Thus, (R1, R2) is THP.

LWith some abuse of notation.




3 Technical stuff (FT Ch 8.4)

DISCLAIMER: Do not read this unless you are terribly bored!

3.1 Three equivalent definitions of trembling hand perfec-

tion

Definition 2 (A) Strategy profile o is a trembling hand perfect equilibrium if
there exists a sequence of totally mized strategy profiles o™ — o such that, for
all i, ui(o;,0™;) > ui(s;,0™;) for all s; € S;.

Feature: Does not explicitly mention e

Definition 3 (B) An e-constrained equilibrium is a totally mized strategy pro-
file 0 such that, for all i, 05 solves max,, u; (ai, crii) subject to o; (s;) > € (s;)

for all s;, for some {e(si)}, cs, icn where 0 < €(si) < e. A trembling hand
perfect equilibrium is any limit of e-constrained equilibria o as € — 0.

Features: Several ¢ (s;) minimum mixing. One ¢ is maximal tremble.

Definition 4 (C) Strategy profile o° is an e-perfect equilibrium if it is com-
pletely mized, and, for alli and s;, if there exists s with u; (si, oii) < u; (32, oii),
then o5 (s;) < €. A trembling hand perfect equilibrium is any limit of e-perfect
strategy profiles o for some sequence € of positive numbers that converges to
zero

Features: One ¢
No optimization
Must put less than € weight on strategies that are not best responses.

Theorem 5 All three definitions: (A), (B) and (C) are equivalent.

Proof. B=C= A= B.

1) B = C: The sequence o¢ defined to be an e-constrained equilibrium
in (B) is by construction an e-perfect equilibrium as defined in (C). Because
€(s;) > 0 every profile is completely mixed. Because ¢ (s;) < ¢ there is room
to put a sufficiently low weight on strategies that are not a best response. If o



solves max,, u; (O‘i, a‘s_i) subject to o; (s;) > € (s;) and s; is not a best response,
then it is optimal to choose ¢; (s;) =€ (s;) < e. Hence B = C.

2) C' = A: Suppose that o satisfies condition (C). Then there is a sequence
0 — o and a constant d > 0 with 0% (s;) > d for every s; in the support of o;.
(Why? The sequence o5 is completely mixed, so o€ (s;) > 0 for each e. For s; €
support (0;), 0; (s;) > 0 by definition. This means that for a pure strategy s;
that belongs to the support, o5 (s;) is a sequence of strictly positive terms with
a strictly positive limit. Therefore, d > 0 with o% (s;) > d must exist.?) Since
€ tends to zero, eventually € < d, which implies that all s; in the support are
best responses. Then definition (A) is satisfied.

3) A = B: Suppose that o satisfies condition (A) and call the hypothe-
sized totally mixed strategy profile ¢ — o. Now define 7 (s;) in the following
way: if s; is not in the support of o; then €? (s;) = o¥ (s;), and if s; is in the
support of o; then €? (s;) = }L Consider the following maximization program:
{max,, u; (05,0%;) subject to oy (s;) > €l (s;),Vs; € S;i}. Because o; is a best
response to o™ (by assumption), one of the corresponding e-constrained equilib-
ria (i.e. solutions to the maximization problem) has the following form: o¢ (s;) =

oi(s;

ED)) {Si:ai(ii)):o} o7 (si
(0i) so that ), o7 (s;) = 1. (The book erroneously proposes o5 (s;) = o (si).
But in this case 37, 05 (si) = D (s, 0:050)501 i (51) + 2 (5,00 (s0)=0y € (8i) =
L4 > (ss.00(s0)=0y O (si) > 1 since o7 (si) > 0 for all s; and all n). Also, no-
tice that this solution is not unique. Define e” = max {e" (s;)}. Notice that
lim,, . €™ = 0 since " (s;) can either be 1 (which tends to zero) or o7 (s;) if s;
is not in the support of o;, which also tends to zero since o? (s;) — 0 (s;) =0
for s; ¢ support (o). In addition, 0° — o as n — co. Hence, (B) is satisfied.
]

e" (s;) for s; ¢ support (o) and o5 (s;) = 5 for s; € support

3.2 Non-existence of a "truly trembling hand perfect equi-
librium"

The definition of trembling hand perfection requires only that there exists one
sequence such that the proposed strategy profile is a best response to that
sequence. The problem with requiring a stronger concept (such that the strategy
profile is a best response to all possible sequences) is that in this case such an
equilibrium may fail to exist. In what follows, "truly trembling hand perfection"
is defined, and an example where such an equilibrium does not exist is presented.

2The way to show this is the following: if ¢ (s;) — o (s;) then we can find an arbitrarily
small neighborhood of o; (s;) containing all but finitely many o5 (s;). Choose a neighborhood
such that its lower bound is strictly positive. Then, take the minimum over the elements of the
sequence that are outside that neighborhood. This minimum is well defined because there are
finitely many elements and is strictly positive because all elements are strictly positive. Now
take the smaller number between this minimum and the lower bound of the neighborhood of
oi (si). Divide that number by two and call it d.



Definition 6 Strategy profile o is a truly trembling hand perfect equilibrium if
for every sequence of totally mized strategy profiles o™ — o, it is true that for
all i, ui(os,0™;) > ui(si,0™;) for all s; € S;.

(More on this in FT chapter 11, page 444.)

Take the example of Figure 11.2 in FT

L [ R
U |32 22
M| 1,100
D |00] 11

This game has two pure strategy Nash equilibria: (U, L) and (U, R). Player
1 playing U and player 2 randomizing between L and R with any probabilities
is a Nash equilibrium as well. However, none of these equilibria are truly trem-
bling hand perfect. We must consider any o} = (o} (U),o} (M),o} (D)) —
(1,0,0) with o (U) 0% (M) ,0% (D) > 0. If we consider any tremble such that
o (M) # of (D) player 2 does not want to mix, therefore, the Nash equilibria
where player 2 mixes are not truly trembling hand perfect.

If o (M) > o (D) then player 2's best response is L. If of (M) < o7 (D)
then player 2's best response is R. Therefore, (U, L) and (U, R) cannot be
trembling hand perfect because they depend on which sequence of is chosen.



